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1. Introduction
Given a finite group G, we say that a finite group H is a cover of G if G is a homomorphic
image of H . Denoting by ω(A) the set of element orders of a group A and referring to it as
the spectrum of A, we say that G is recognizable (by spectrum) among covers if ω(G) 6= ω(H)
for any proper cover H of G. If G has a nontrivial normal soluble subgroup, then G is not
recognizable among covers, and in fact, there are infinitely many nonisomorphic covers H of G
with ω(H) = ω(G) [1, Lemma 1].
The present paper concerns recognizability of finite nonabelian simple groups, and we denote
these groups according to the ‘Atlas of finite groups’ [2]. The following simple groups are known
to be recognizable by spectrum among covers: the sporadic groups (see [3]), the alternating
groups [4], the Ree and Suzuki groups [5–7], the exceptional groups of types G2 and E8 [8, 9],
the groups L2(q) [4, 10], the groups L3(q) [11, 12], the groups Ln(q) with n > 5 [13], and
the groups Un(q), with n > 5, other than U5(2) [14]. Also it is worth noting that L4(q) and
U4(q) are recognizable among covers as long as q is even or prime [13–15], and U3(q) is not
recognizable among covers if and only if q is a Mersenne prime with q2 − q + 1 being a prime
too [16]. Lastly, L4(13
24), U5(2) and
3D4(2) are not recognizable among covers [14, 17, 18].
Our purpose is not to give an exhaustive answer to the question what finite simple groups
of Lie type are recognizable by spectrum among covers and which are not but rather to show
that groups of sufficiently large Lie rank have this property of recognizability. Thus we do not
touch the very interesting case of the groups L4(q) and U4(q) but focus our attention on groups
not mentioned above. Recall that O2n+1(q) ≃ S2n(q) provided that n = 2 or q is even.
Theorem 1.1. If S is one of the simple groups 3D4(q) with q > 2, F4(q), E6(q),
2E6(q), E7(q),
S2n(q) with n > 2, O2n+1(q) with n > 3 and q odd, and O
±
2n(q) with n > 4, then S is recognizable
by spectrum among covers.
The theorem and before-mentioned results yield the following corollary.
Corollary 1.1. If S is a finite nonabelian simple group other than L4(q), U3(q), U4(q), U5(2),
and 3D4(2), then S is recognizable by spectrum among covers.
Our strategy of proof is standard and based on the following two observations (in these
observations, as well as throughout the paper, all modules and representations are finite-
dimensional). First, it is not hard to see that a group G is recognizable by spectrum among
covers as long as ω(G) 6= ω(V ⋋ G) for any nontrivial G-module V over a field of positive
characteristic (cf. Lemma 2.3 below). Second, given a finite group of Lie type, it is natural to
distinguish representations in the defining characteristic from other representations. Thus for
every simple group S satisfying the hypothesis of the theorem and every nontrivial S-module
V , we need to prove that ω(S) 6= ω(V ⋋ S) provided that the corresponding representation (i)
is equicharacteristic, and (ii) is cross-characteristic (cf. Problems 17.73 and 17.74 in [19]).
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Proposition 1.1. Let q be a power of a prime p and let S be one of the simple groups 3D4(q)
with q > 2, F4(q), E6(q),
2E6(q), E7(q), S2n(q) with n > 2, O2n+1(q) with n > 3 and q odd,
and O±2n(q) with n > 4. If V is a nonzero S-module over a field of characteristic p and H is
a natural semidirect product of V and S, then ω(S) 6= ω(H).
Under condition (ii), the problem has already been settled for symplectic and orthogonal
groups of dimension at least six [14]. So we deal with the remaining groups.
Proposition 1.2. Let S be one of the simple groups 3D4(q), F4(q), E6(q),
2E6(q), E7(q), and
S4(q). If V is a nonzero S-module over a field of characteristic r, where r is coprime to q, and
H is a natural semidirect product of V and S, then ω(S) 6= ω(H).
Proposition 1.1 and [8] give an affirmative answer to [19, Problem 17.73] in all cases except
for the cases (a) and (f). In the case (f) the answer is negative [18] and the case (a) concerns
U4(q). Proposition 1.2, [14, Theorem 1] and [13, Lemma 12] give an affirmative answer to [19,
Problem 17.74].
We conclude this paper with a result comparing the spectrum of a proper cover of O2n+1(q)
with the spectrum of S2n(q). This result is motivated by the following assertion: if L = S2n(q),
where n > 4, and G is a finite group such that ω(G) = ω(L), then G has a unique nonabelian
composition factor and if this factor is a group of Lie type in the same characteristic as L, then
it is isomorphic either to L or to one of the groups O2n+1(q) and O
−
2n(q) [20, Theorem 3]. It is
well-known that the spectra of S2n(q) and O2n+1(q) are very close. This property of S2n(q) and
O2n+1(q) makes the case when the factor is isomorphic to O2n+1(q) more difficult to eliminate.
Somewhat paradoxically, the same property allows us to apply our results on covers to this
situation.
Proposition 1.3. Let L = S2n(q) and S = O2n+1(q), where n > 3 and q is odd. If H is a proper
cover of S, then ω(H) 6⊆ ω(L). In particular, if G is a finite group such that ω(G) = ω(L) and
G has a composition factor isomorphic to S, then S 6 G 6 Aut(S).
2. Preliminaries
Our notation for classical groups and groups of Lie type is based on that in [21] with
the following exception: Φ(q) always stands for the adjoint version, while the universal version
is denoted by Φ(q)u. The same rule applies to the symbol
dΦ(q). Also sometimes we substitute
Φ(q) and 2Φ(q) by Φ+(q) and Φ−(q) respectively .
Lemma 2.1 (Zsigmondy [22]). Let q > 2 and n > 3 be integers, with (q, n) 6= (2, 6). There
exists a prime r such that r divides qn − 1 but does not divide qi − 1 for i < n.
With notation of Lemma 2.1, we call a prime r a primitive prime divisor of qn − 1 and
denote it by rn(q).
By (n,m) we denote the greatest common divisor of two positive integers n and m. Given
a positive integer n, we write π(n) for the set of all prime divisors of n. Also, if r is another
positive integer, then nr denotes the π(r)-part of n (that is, the largest divisor m of n such
that π(m) ⊆ π(r)), and nr′ denotes the ratio n/nr.
If G is a finite group and r is a prime, we refer to the highest power of r that lies in ω(G)
as the r-exponent of G. If G is a group of Lie type over a field of positive characteristic p, then
it is natural and instructive to consider ω(G) as a disjoint union of the following three subsets:
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the subset of numbers that are powers of p, the subset ωp′(G) of numbers that are coprime to
p, and the subset ωmix(G) of the rest, so called ‘mixed’, orders.
If G is a finite group, then π(G) = π(|G|). The prime graph of G is a graph whose vertex
set is π(G) and in which two different vertices are adjacent if and only if their product lies in
ω(G). The following property of the simple groups of Lie type is well-known but rarely appears
as a separate assertion, so we include the corresponding lemma in this paper.
Lemma 2.2. Suppose that S is a finite simple group of Lie type. Then for every r ∈ π(S),
there is t ∈ π(S) such that r 6= t and rt 6∈ ω(S).
Proof. If S is one of the simple groups L2(q), L3(q), U3(q), and S4(q), or S is a simple
exceptional group of type other than E7, then by [23,24], the prime graph of S is disconnected,
and the assertion follows. For the rest of simple classical groups, the lemma is proved in [14,
Lemma 12]. If S = E7(q), then we can take t to be equal to r9(q) or r18(q) (see, for example, [25,
Fig. 4]).
The next lemma is also well-known and in the special case A = B, is proved, for example,
in [11, Lemma 12].
Lemma 2.3. Let A and B be finite groups. The following are equivalent.
(1) ω(H) 6⊆ ω(B) for any proper cover H of A;
(2) ω(H) 6⊆ ω(B) for any split extension H = K : A, where K is a nontrivial elementary
abelian group.
Proof. Clearly, (1) implies (2). Suppose that (2) does not imply (1), and let H be a group
of minimum possible order such that H is a proper cover of A and ω(H) ⊆ ω(B). Let K be
a normal subgroup of H with H/K = A. Choose r ∈ π(K) and let R be a Sylow r-subgroup
of K. If N = NH(R), then the Frattini argument yields A ≃ H/K = NK/K ≃ N/N ∩ K.
Since N ∩ K 6= 1 and ω(N) ⊆ ω(H), we have H = N by the minimality of H . Repeating
this observation for other prime divisors of |K|, we conclude that K is nilpotent. Denote
the Hall r′-subgroup of K by C and the Frattini subgroup of R by Φ(R). The factor group
of H/(C × Φ(R)) by K/(C × Φ(R)) is isomorphic to A, and again the minimality of H yields
C = Φ(R) = 1. Thus K is an elementary abelian r-group, and in particular, the group
A = H/K acts on K by conjugation. If H1 is a semidirect product of K and A with respect to
this action, then ω(H1) ⊆ ω(H) ⊆ ω(B) by [4, Lemma 10]. This contradicts (2).
Lemma 2.4 ( [26, Lemma 1]). Let G be a finite group, K a normal subgroup of G and let G/K
be a Frobenius group with kernel F and cyclic complement C. If (|F |, |K|) = 1 and F is not
contained in KCG(K)/K, then r|C| ∈ ω(G) for some prime divisor r of |K|.
Lemma 2.5. The group SLn(q), where n > 2, includes a Frobenius subgroup with kernel of
order qn−1 and cyclic complement of order (qn−1 − 1)(n,q−1)′, as well as a Frobenius subgroup
with kernel of order qk and cyclic complement of order qk − 1 for every 1 6 k < n− 1.
Proof. It is well known that the natural semidirect product of a vector space of order qk by
the Zinger cycle of order qk−1 in GLk(q) is a Frobenius group. It is easily seen that this product
can be embedded into a line stabilizer in GLk+1(q). Since GLk+1(q), where 1 6 k < n − 1,
can be embedded into SLn(q), the second assertion follows. Furthermore, PSLn(q) includes
a Frobenius subgroup F with kernel of order qn−1 and cyclic complement of order (qn−1−1)/d,
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where d = (n, q− 1) (see, for example, [27, Lemma 5]). Denoting π = π(d) we see that the full
preimage of the Hall π′-subgroup of F in SLn(q) is a split extension of a group of order d by
the desired Frobenius group of order qn−1(qn−1 − 1)d′ .
Lemma 2.6. The simple group S2n(q), where q is even and n = 2
m > 2, includes a Frobenius
subgroup with cyclic kernel of order qn + 1 and cyclic complement of order 2n.
Proof. The proof is similar to that of Lemma 2.4 in [28].
Lemma 2.7. Let S be a finite simple group of Lie type over a field of characteristic p and let S
acts faithfully on a vector space V over a field of characteristic r, where r 6= p. Let H = V ⋋S
be a natural semidirect product of V by S. Suppose that s is a power of r and that s lies in
the spectrum of some proper parabolic subgroup P of S. If the unipotent radical of P is abelian
or both p and r are odd or p = 2 and r is not a Fermat prime or r = 2 and p is not a Mersenne
prime, then rs ∈ ω(H).
Proof. Let g ∈ P be an element of order s, U a unipotent radical of P and let M = U ⋋ 〈g〉.
By [21, Theorem 2.6.5e] it follows that CG(U) = Z(U). Thus Or(M) = 1, and by the Hall–
Higman theorem [29, Theorem 2.1.1], the degree of the minimal polynomial of g on V is equal
to s. This implies that the coset V g contains an element of order rs.
3. SR-subgroups of finite groups of Lie type
Let G be a finite universal group of Lie type. By [21, Theorem 2.2.6e], there are a simply
connected simple algebraic group G and a Frobenius endomorphism σ of G such that G =
CG(σ). By [21, Theorem 2.1.6], there is a σ-stable maximal torus T of G. Let Φ denote the
root system of G with respect to T and Π denote some fundamental system. Also we write
Xα to denote a root subgroup of G associated with a root α. Let ∆ ⊆ Π. Following [30], we
call a subgroup of G an SR-subgroup (with respect to T ) if it is generated by the subgroups
X±α for α ∈ ∆. A subgroup of the finite group G is an SR-subgroup if it is an intersection of
an SR-subgroup of G with G.
Lemma 3.1. Let G be a finite universal group of Lie type over a field of characteristic p and
let g ∈ G lie in some SR-subgroup of type Ψ. The element g has an nonzero fixed vector in
every nonzero G-module over a field of characteristic p in the following cases:
(a) G = An(q)u, n > 1, and Ψ = Am, where m 6 n/2;
(b) G = Bn(q)u, n > 3, q is odd, and Ψ = An−1;
(c) G = Cn(q)u, n > 2, q is odd, and Ψ = Cn−1;
(d) G = D±n (q)u, n > 4, and Ψ = An−2;
(e) G = E7(q)u and Ψ = E6;
(f) G = E±6 (q)u and Ψ = D5.
Proof. See Corollaries 1.6, 1.7, 4.3, 5.1, and also a remark after Corollary 1.3 in [30].
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Table 1: Generators of Z(G) for some G
Φ Dynkin diagram generators of Z(G)
Bn
α1 α2 αn−1 αn
hn(−1)
Cn
α1 α2 αn−1 αn
h1(−1)h3(−1) . . . hn((−1)
n)
Dn, n even α1 α2 αn−2
αn−1
αn
h1(−1)h3(−1) . . . hn−1(−1), hn−1(−1)hn(−1)
Dn, n odd h1(−1)h3(−1) . . . hn−2(−1)hn−1(t)hn(t), t
2 = −1
E6
α1 α2 α3 α5 α6
α4
h1(t)h2(t
2)h5(t)h6(t
2), t3 = 1
E7
α1 α2 α3 α5 α6 α7
α4
h4(−1)h5(−1)h7(−1)
We need an easy consequence of Lemma 3.1 for simple groups. For convenience, we list
generators of the centers of some simple algebraic groups from [21, Table 1.12.6]. In Table 1,
the symbol G denotes a simple algebraic group of type Φ, and hi(t) denotes hαi(t).
Lemma 3.2. Let S be a finite simple groups of Lie type over a field of characteristic p, V a
nonzero S-module over a field of the same characteristic p and H the natural semidirect product
of V by S. Then ω(H) includes the set p · ωp′(Σ), where
(a) Σ = SLn(q) if S = O2n+1(q), n > 3, q is odd or S = O
±
2n+2(q), n > 3;
(b) Σ = SU4(q) if S = O9(q), O
±
10(q), q is odd;
(c) Σ = E6(q)u if S = E7(q);
(d) Σ = Spin10(q) if S = E6(q);
(e) Σ = Spin−8 (q) if S =
2E6(q).
Proof. Let G be a finite universal group of Lie type such that G/Z(G) = S. We may assume
that V is a G-module. We prove the lemma by finding an SR-subgroup Γ of G such that Γ ≃ Σ,
Γ ∩ Z(G) = 1 and every element of Γ has a nonzero fixed vector in V .
Since SR-subgroups are a special case of subsystem subgroups, we need some information
on the subsystem subgroups from [21, Section 2.6]. Let G, σ, T , Φ, and ∆ have the same
meaning as those in the beginning of this section. Observe that Z(G) = Z(G) ∩ G by [21,
Proposition 2.5.9]. Let τ be the isometry of order 2 of the system E6 induced by the symmetry
of the Dynkin diagram if S = 2E6(q), and take τ = 1 in other cases. Supposing that ∆
generates closed, irreducible and τ -invariant subsystem Ψ of Φ, we define Γ∆ = 〈Xα | α ∈ Ψ〉.
Since 〈Xα | α ∈ Ψ〉 = 〈Xα, X−α | α ∈ ∆〉 by [21, Theorem 1.12.7d], it follows that Γ∆ is
an SR-subgroup. Let W and W0 be the Weyl groups of Φ and Ψ respectively, and let W
∗
0 be
the stabilizer in W of Ψ. For every w ∈ W ∗0 we define an SR-subgroup Γ∆,w as follows. Let
N = NG(T ) and choose n ∈ N mapping to w. Then choose x ∈ G so that σ = (σn)
x and set
Γ∆,w = CΓx∆(σ).
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If τw induces an isometry of Ψ of order d1, then Γ∆,w is the universal group of type
d1Ψ(q)
by [21, Proposition 2.6.2b,d].
Let S = O2n+1(q), where n > 3 and q is odd. Take ∆ = {α1, α2, . . . , αn−1} with notation
for roots as in Table 1 and set Γ = Γ∆,1. Then every element of Γ has a nonzero fixed vector
in V by Lemma 3.1. Also it follows by the previous paragraph that Γ = An−1(q)u = SLn(q).
Lastly, Z(G) = 〈hαn(−1)〉 and G is universal, therefore, Γ ∩ Z(G) = 1. The groups O
±
2n+2(q),
n > 3, E7(q), E6(q) and
2E6(q) can be handled similarly with subsystems of types An−1, E6,
D5 and D4, respectively, in place of Ψ.
Let S be as in (b). Since O9(q), where q is odd, can be embedded into O
±
10(q), it suffices
to consider the case S = O9(q). Let ∆ = {α1, α2, α3} (again with notation of Table 1). It is
not hard to see that |W ∗0 /W0| = 2 and some w ∈ W
∗
0 \W0 induces an isometry of Ψ of order
two. Taking Γ = Γ∆,w and reasoning as before, we conclude that Γ =
2A3(q)u = SU4(q), every
element of Γ has a nonzero fixed vector in V , and Γ ∩ Z(G) = 1. This completes the proof.
4. Proof of Theorem 1.1
We begin work by proving Proposition 1.1. Following [31], we call a finite group L of Lie
type over a field of characteristic p unisingular if for every nontrivial abelian p-group A with
L-action, every element of L has a nontrivial fixed point on A.
Proposition 1.1. Let q be a power of a prime p and let S be one of the simple groups 3D4(q)
with q > 2, F4(q), E6(q),
2E6(q), E7(q), S2n(q) with n > 2, O2n+1(q) with n > 3 and q odd,
and O±2n(q) with n > 4. If V is a nonzero S-module over a field of characteristic p and H is
a natural semidirect product of V and S, then ω(S) 6= ω(H).
Proof. If the action of S on V is not faithful, then CS(V ) is a nontrivial normal subgroup of
S, and hence CS(V ) = S. This implies that for every prime t ∈ π(S) \ {p}, the product pt lies
in ω(H), and so ω(H) 6= ω(S) by Lemma 2.2. Thus we can assume that S acts faithfully on V .
Let S = F4(q). By [32], we know that q
4 − q2 + 1 ∈ ω(S) and p(q4 − q2 + 1) 6∈ ω(S). Since
S is unisingular [33, Theorem 1.3], it follows that p(q4 − q2 + 1) ∈ ω(H) \ ω(S).
Let S = 3D4(q), where q > 2. It is well known that S includes a subgroup isomorphic to
G2(q) (see, for example, [34, Table 8.51]). If q is odd, then G2(q) is unisingular [33, Theorem
1.3], and again using [32], we conclude that p(q2 − 1) ∈ ω(H) \ ω(S). Now let q be even. We
work similarly to the proof of Lemma 3.1 in [8]. This proof involves three subgroups A, B and
C of G2(q) such that B ≃ SL3(q), A is an SR-subgroup of type A1 in B, C ≃ SL2(q) and
C centralizes A. We choose g ∈ A to be an element of order q + 1. Since g has a nonzero
fixed vector in any B-module over a field of characteristic 2 by Lemma 3.1, it follows that
W = CV (g) 6= 0. The group C acts on W and includes a Frobenius subgroup with cyclic kernel
F of order q − 1 and complement of order 2. If F ⊆ CC(W ), then H has an element of order
2(q2− 1). Otherwise, we apply Lemma 2.4 and derive that H has an element of order 4(q+1).
The centralizers of semisimple elements of S are described in [35], and their structure implies
that ωmix(S) consists of the divisors of the numbers 2(q
3 + 1), 2(q3 − 1), 4(q2 + q + 1), and
4(q2 − q + 1). Since q > 2, it follows that neither 2(q2 − 1) nor 4(q + 1) divides any of these
numbers, and hence ω(H) 6= ω(S).
Let S = E±6 (q) or S = E7(q). Setting t = r8(q) in the former case and t = r9(q) in the latter,
we see that pt ∈ ω(H) by Lemma 3.2 and pt 6∈ ω(S) by [36, Proposition 3.2].
We turn now to symplectic and orthogonal groups. To check whether or not a given integer
belongs to the spectrum of S, we use [37].
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Let n 6= 4 and let S be one of the groups O2n+1(q), with q odd, or one the groups O
±
2n+2(q).
Define a number t as follows. If n is even and n > 8, then take integers n1 and n2 such
that n = n1 + n2, n1 > n2 > 3 and (n1, n2) = 1, and set t = rn1(q)rn2(q). For n = 6, set
t = r3(q)r6(q) if q 6= 2 and t = 63 otherwise. If n is odd, then t = rn(q). It is easily seen that
t ∈ ω(SLn(q)), therefore, pt ∈ ω(H) by Lemma 3.2. On the other hand, using [36, Proposition
3.1] when t is a prime and [37] in other cases, we calculate that pt 6∈ ω(S).
Let S = O9(q), O
±
10(q), where q is odd. If q ≡ ǫ (mod 4), then p(q
2 + 1)(q − ǫ) 6∈ ω(S). On
the other hand, (q2 + 1)(q − ǫ) ∈ ω(SLǫ4(q)), and so p(q
2 + 1)(q − ǫ) ∈ ω(H) by Lemma 3.2.
Let S = O±10(q), where q is even. Since S includes Sp8(q), it includes a Frobenius subgroup
with cyclic kernel of order q4+1 and cyclic complement of order 8 by Lemma 2.6. The action of
S on V is faithful, and it follows by Lemma 2.4 that H has an element of order 16. It remains
to note that 16 6∈ ω(S).
Let S = S2n(q), where n > 2 and q = p
k is odd. Take G = Cn(q)u and identify S with
G/Z(G). Denote the root system of G by Φ and enumerate the fundamental roots as in Table 1.
Let α0 be the highest root of Φ. The extended Dynkin diagram of Φ is as follows.
−α0 α1 α2 αn−1 αn
Figure 1: Extended Dynkin diagram of type Cn
Observe that α0 = 2(α1 + · · ·+ αn−1) + αn, and using [21, Theorem 1.12.1e], we calculate that
hα0(t) = hα1(t) . . . hαn(t). Denote the subgroups generated by the root subgroups associated
with the roots ±α2, . . . ,±αn and the roots ±α0 by A and B respectively. Then A and B
centralize each other, A ≃ Cn−1(q)u and B ≃ A1(q)u. Furthermore, a product of the central
involutions zA and zB of A and B, respectively, is equal to the central involution z of G. By
Lemma 3.1, every element of A has a nonzero fixed vector in V . Choose g ∈ A of order
qn−1 − ǫ, where ǫ = 1 if k(n − 1) is odd and ǫ = −1 otherwise, and set W = CV (g). The
group B centralizes g and so acts on W . Observe that zB acting trivially because zA is a power
of g and z acts trivially on the whole V . Thus W is a nonzero B/Z(B)-module. Embedding
PSL2(p) into B/Z(B) and exploiting unisingularity of PSL2(p) [31, Theorem 3.12], we can
take a element h ∈ B of order p+1 such that CW (h) 6= 0. Since (q
n−1− ǫ, p+1) = 2 by choice
of ǫ, the image of gh in S has order (qn−1− ǫ)(p+1)/2, and hence p(qn−1− ǫ)(p+1)/2 ∈ ω(H).
It is not hard to see that p(qn−1 − ǫ)(p+ 1)/2 6∈ ω(S).
Let S = S2n(q), where n > 4 and q is even. It is more convenient to consider S as Bn(q)u.
Again denote the root system of S by Φ, enumerate the fundamental roots as in Table 1 and
denote the highest root of Φ by α0.
α2 α3 αn−1 αn
α1
−α0
Figure 2: Extended Dynkin diagram of type Bn
The set of long roots in Φ is a subsystem of type Dn, and the subgroup A generated by
the corresponding root subgroups is isomorphic toDn(q)u. Let n be even. Denote the subgroups
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generated by the root subgroups associated with the roots ±α1,±α2, . . . ,±αn−2 and the roots
±αn by B and C respectively. It is clear that B ≃ An−2(q)u, C ≃ A1(q)u and C centralizes
B. By Lemma 3.1, every element of B has a nonzero fixed vector in V . Choose g ∈ B of
order rn−1(q) and set W = CV (g). The group C acts on W and includes a Frobenius subgroup
with cyclic kernel F of order q + 1 and complement of order 2. If F ⊆ CC(W ), then H has
an element of order 2(q + 1)rn−1(q). Otherwise, Lemma 2.4 yields 4rn−1(q) ∈ ω(H). None
of the numbers 2(q + 1)rn−1(q) and 4rn−1(q) lies in ω(S). Let n be odd. Then take B and
C to be the subgroups generated by the root subgroups associated with ±α1,±α2, . . . ,±αn−3
and ±αn−1,±αn respectively. Then B ≃ An−3(q)u, C ≃ B2(q)u and again C centralizes B.
Choosing an element of order rn−2(q) in B and working with a Frobenius group with cyclic
kernel of order q2 + 1 and cyclic complement of order 4, which C includes by Lemma 2.6, we
conclude that H has either an element of order 2(q2+1)rn−2(q) or an element of order 8rn−2(q).
And again none of these numbers lies in ω(S).
The case when S = S6(q) and q is even requires some additional notation, so we extract
this case as a separate lemma. Observe that this lemma is a part of Lemma 3.7 in [38], but
the corresponding proof has a gap.
Lemma 4.1. Let S = S6(q), where q is even. If V is a nontrivial S-module over a field of
characteristic 2 and H is a natural semidirect product of V and S, then ω(S) 6= ω(H).
Proof. Let K be the algebraic closure of the binary field and let G = Sp6(K). Let W be
the natural G-module and f an nondegenerate alternating bilinear form on W preserved by G.
There is a basis e1, . . . , e6 of W such that f(ei, ej) = 1 if i+ j = 7 and f(ei, ej) = 0 otherwise.
Denote the set of matrices of G that are diagonal with respect to this basis by D. Then D is
a maximal torus of G, and ε1, ε2, ε3 defined by the formula εi(d) = d(ei) for d ∈ D are weights
of G with respect to this torus. The weights λ1 = ε1, λ2 = ε1 + ε2, and λ3 = ε1 + ε2 + ε3 are
the fundamental weights of G. Given a dominant weight λ, we denote the irreducible G-module
with high weight λ by L(λ).
Identify S with CG(σ), where σ is the Frobenius endomorphism of G that raises matrix
entries to the q-th power. By [13, Lemma 9], we may assume that the action of S on V is
absolutely irreducible. By Steinberg’s theorem [39, 13.3], the module V can be obtained as
a restriction of some irreducible G-module V to S. Denote the high weight of V by λ. We show
that ω(H) \ ω(S) contains an element depending on λ. Note that the even numbers lying in
ω(S) are exactly divisors of 8, 4(q ± 1), and 2(q2 ± 1).
Suppose that λ is neither 2jλ1 nor 2
jλ3, with j > 0. Then by [40, Theorem 1], for every
unipotent element u of G, the degree of the minimal polynomial of u on V is equal to |u|.
Therefore, for every unipotent element u of S, the degree of the minimal polynomial of u on V
is equal to |u| as well. Taking u ∈ S to be a unipotent element of order 8, we see that the coset
V u has an element of order 16.
Suppose that λ = 2jλ3, where j > 0. Let x ∈ S be an element of order q
2+q+1, and ζ ∈ K
a primitive (q2+ q+1)-th root of unity. Then x is conjugate to the diagonal matrix y such that
εi(y) = ζ
qi−1 for 1 6 i 6 3 in G. Since λ(y) = λ3(y)
2j = (ζ1+q+q
2
)2
j
= 1, it follows that y has
a nonzero fixed vector in V . Then x also has a nonzero fixed vector in V . This implies that x
has a nonzero fixed vector in V , and so the coset V x contains an element of order 2(q2+ q+1).
Lastly, let λ = 2jλ1, where j > 0. Assume, for a while, that j = 0, and hence V is
the natural module of S. Exploiting the standard embedding of Sp2(q) × Sp4(q) into S6(q),
we can find commuting elements x ∈ S and y ∈ S of orders 3 and 4 respectively such that
dimCV (x) = 4 and the degree of the minimal polynomial of y on CV (x) is equal to 4. An easy
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computation establishes that the coset V xy contains an element of order 24. Now let j > 0.
By Steinberg’s tensor product theorem [39], we have L(λ) ≃ L(λ1)
(ρj), where ρ is the Frobenius
endomorphism of G rasing matrix entries to the second power. Since twisting by ρ does not
affect the dimension of the fixed subspace or the degree of the minimal polynomial, the previous
argument works, and again H contains an element of order 24.
Thus at least one of the numbers 16, 2(q2 + q + 1), and 24 lies in ω(H) \ ω(S), and so
the lemma follows.
Finally, let S = S4(q), where q > 2 is even. By Lemma 2.6, there is a Frobenius subgroup
with kernel of order q2+1 and cyclic complement of order 4 in S. It follows that 8 ∈ ω(H)\ω(S),
and this completes the proof of Proposition 1.1.
Proposition 1.2. Let S be one of the simple groups 3D4(q), F4(q), E6(q),
2E6(q), E7(q), and
S4(q). If V is a nontrivial S-module over a field of characteristic r, where r is coprime to q,
and H is a natural semidirect product of V and S, then ω(S) 6= ω(H).
Proof. Similarly to the proof of Proposition 1.1, we can assume that the action of S on V is
faithful. Denote the r-exponent of S by s.
Let S be one of the groups 3D4(q) and F4(q). By [23,24], the prime graph of S is disconnected
with π(q4−q2+1) being a component. Suppose that ω(H) = ω(S). Then the prime graph ofH is
also disconnected, and by [23, Theorem A], we see that r and 2 lie in the same component of this
graph. Since q4−q2+1 is odd, it follows that r does not divide q4−q2+1 and r(q4−q2+1) 6∈ ω(H).
Exploiting the fact that 3D4(q) is a subgroup of F4(q) (see, for example, [41]) and applying [42,
Proposition 2], we conclude that some element of S of order q4 − q2 + 1 has a nonzero fixed
vector in V . Thus r(q4 − q2 + 1) ∈ ω(H), and this is a contradiction.
Let S = Eε6(q) and set d = (3, q − ε). By [43, Theorem 1], the set ωp′(S) consists of
the divisors of the numbers
q6 + εq3 + 1
d
,
(q4 − q2 + 1)(q2 + εq + 1)
d
,
(q5 − ε)(q + ε)
d
, q5 − ε,
(q4 + 1)(q2 − 1)
d
,
q6 − 1
d
, (q3 − ε)(q + ε),
(q4 − 1)(q2 − εq + 1)
d
, q4 − 1. (1)
Let ε = +. The universal group E6(q)u contains a subsystem subgroup A isomorphic
A5(q)u. By Lemma 2.5, the group A contains Frobenius subgroups of orders q
5(q5 − 1)(6,q−1)′
and q4(q4−1). Clearly, these subgroups meet Z(E6(q)u) trivially, and so they can be embedded
into S. Then by Lemma 2.4, there are elements of orders r(q5 − 1)(6,q−1)′ and r(q
4 − 1) in
H . Suppose that both of these numbers lie in ω(S). Examining the numbers in (1) and
using Zsigmondy’s theorem, we calculate that r divides (q5 − 1)(q + 1) and q2 − q + 1. Since
((q5 − 1)(q + 1), q2 − q + 1) = (q + 1, 3), it follows that r is equal to 3 and it divides q + 1.
Then s = (q3 + 1)3. A maximal parabolic subgroup of S with Levi factor of type D5(q) has
an abelian unipotent radical (see, for example [44, Theorem 1]) and s ∈ ω(D5(q)), therefore,
by Lemma 2.7, there is an element of order 3s in H . Thus ω(H) 6= ω(S).
Let ε = −. Considering a subsystem subgroup A2(q
2)u in
2E6(q)u and applying Lemma 2.5,
we conclude that S has a Frobenius subgroup of order q4(q4− 1)(3,q2−1)′ . By Lemma 2.4 again,
we have r(q4 − 1)(3,q2−1)′ ∈ ω(H). Suppose that r(q
4 − 1)(3,q2−1)′ ∈ ω(S). Working with the 2-
parts of the numbers in (1), we deduce that r divides (3, q2−1)(q2+ q+1), and in particular, r
is odd. Assume that r divides q2 + q + 1. Then s = (q3 − 1)r. Consider a subsystem subgroup
of 2E6(q)u isomorphic to
2A5(q)u. Thus subgroup includes Z(
2E6(q)u) (see Table 1), and hence
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its image in S is an extension of the group of order (2, q − 1) by 2A5(q). By [14, Lemma 5(4)],
the group 2A5(q) contains a Frobenius subgroup with kernel of order q
3 and cyclic complement
of order (q3 − 1)(2,q−1)′ . It follows that S also contains such a Frobenius subgroup, and so
r(q3 − 1)2′ ∈ ω(H). Thus rs ∈ ω(H) \ ω(S). Now assume that r does not divide q
2 + q + 1.
Then r = 3 and it divides q2− 1. If q− 1 is divisible by 3, then so is q2+ q+1, contrary to our
assumption. So 3 divides q + 1 and s = (q3 + 1)3. A maximal parabolic subgroup of S with
Levi factor of type 2D4(q) contains an element of order s, therefore, if q is odd, then we can
apply Lemma 2.7 to deduce that rs ∈ ω(H) \ ω(S). If q is even, then S contains a subgroup
isomorphic to 2D4(q). A maximal parabolic subgroup of
2D4(q) with Levi factor of type
2A3(q)
has an abelian unipotent radical (see, for example, [34, Table 8.52]) and contains an element
of order s. Applying Lemma 2.7, we see that rs ∈ ω(H) \ ω(S) in this case too.
Let S = E7(q). The structure of maximal tori of E7(q)u described in [45] implies that
ωp′(E7(q)u) consists of the divisors of the numbers
(q6 + ǫq3 + 1)(q − ǫ), q7 − ǫ, (q4 − q2 + 1)(q3 − ǫ), (q5 − ǫ)(q2 + ǫq + 1),
(q5 − ǫ)(q + ǫ),
(q4 + 1)(q2 + 1)(q − ǫ)
(2, q − 1)
, (q4 + 1)(q2 − 1), (q4 − 1)(q2 + ǫq + 1), q6 − 1, (2)
where ǫ runs over {+1,−1}. Since E7(q) contains a quotient of SL8(q) by a central 2-subgroup,
the group S contains Frobenius subgroups of orders q7(q7 − 1)(2,q−1)′ and q
4(q4 − 1). It follows
that r(q7 − 1)(2,q−1)′ and r(q
4 − 1) lie in ω(H). On the other hand, examining the numbers in
(2), we see that r(q4 − 1) 6∈ ω(S) if r = 2 and r(q7 − 1)(2,q−1)′ 6∈ ω(S) if r is odd.
Lastly, let S = S4(q), where q > 2. By [46, Lemma 2.8], there is a Frobenius subgroup with
kernel of order q2 and cyclic complement of order (q2 − 1)/(2, q − 1) in S. By Lemma 2.4 yet
again, we have r(q2 − 1)/(2, q− 1) ∈ ω(H). By [37], the number (q2 − 1)/(2, q− 1) is maximal
under divisibility in ω(S), and the proof of Proposition 1.2 is complete.
Now we are ready to prove the theorem. Let S and H be as in the hypothesis and let S be
defined over a field of characteristic p. By Lemma 2.3, we can assume that H is a semidirect
product of a nonzero finite S-module over a field of characteristic r by S. If r = p, then
ω(H) 6= ω(S) by Proposition 1.1. Let r 6= p. If S is an orthogonal or symplectic group other
than S4(q), then ω(H) 6= ω(S) by [14, Theorem 1]. Otherwise, ω(H) 6= ω(S) by Proposition
1.2, and the theorem follows.
5. Covers of O2n+1(q) and the spectrum of S2n(q)
A simple nonabelian group L is said to be quasirecognizable by spectrum if every finite
group G with ω(G) = ω(L) has exactly one nonabelian composition factor and this factor is
isomorphic to L. The following result was obtained in studying quasirecognizability of simple
symplectic groups: If L = S2n(q), where n > 4, and G is a finite group such that ω(G) = ω(L),
then G has exactly one nonabelian composition factor and if this factor is a group of Lie type
in the same characteristic as L, then it is isomorphic either to L or to one of the groups
O2n+1(q) and O
−
2n(q) [20, Theorem 3]. As we mentioned in Introduction, the case when the
factor is isomorphic to O2n+1(q) requires a separate treatment because the spectra of S2n(q)
and O2n+1(q) are very close.
Proposition 1.3. Let L = S2n(q) and S = O2n+1(q), where n > 3 and q is odd. If H is a proper
cover of S, then ω(H) 6⊆ ω(L). In particular, if G is a finite group such that ω(G) = ω(L) and
G has a composition factor isomorphic to S, then S 6 G 6 Aut(S).
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Proof. Let q be a power of a prime p. By Lemma 2.3, we can assume that H = V ⋋ S, where
V is a nonzero S-module over a field of a positive characteristic r. Suppose that r 6= p and
(S, r) 6= (O7(3), 5). Then by the proof of Proposition 4 in [14], the group H contains an element
of order rt such that p is coprime to t and rt 6∈ ω(S). Since the isomorphism types of maximal
tori in S are the same as in L [47], we have ωp′(S) = ωp′(L), and so rt 6∈ ω(L). If S = O7(3)
and r = 5, then the 5-Brauer character table of S [48] implies that every element of S of order
7 has a nonzero fixed vector in V , and hence 35 ∈ ω(H) \ ω(L). Now let r = p. If n 6= 4,
then we showed in the proof of Proposition 1.1 that H contains an element of order pt, where
t is odd and pt 6∈ ω(S). One can show (by using, for example, [37]) that the subsets of odd
numbers are the same in ω(S) and ω(L), and thus pt 6∈ ω(L). If n = 4 and q ≡ ǫ (mod 4),
then we proved that p(q2 + 1)(q − ǫ) ∈ ω(H). By [37], we see that p(q2 + 1)(q − ǫ) 6∈ ω(L).
Now suppose that G is a finite group such that ω(G) = ω(L). By [36, Corollary 7.2],
the group G has exactly one nonabelian composition factor and this factor is isomorphic to S.
Denoting the soluble radical of G by K, we see that S 6 G/K 6 Aut(S). If K 6= 1, then
G contains a proper cover of S and so ω(G) 6⊆ ω(L), which contradicts the hypothesis. Thus
K = 1, and the proof is complete.
References
[1] V. D. Mazurov, Recognition of finite groups by a set of orders of their elements, Algebra
and Logic 37 (1998) 371–379.
[2] J. H. Conway, R. T. Curtis, S. P. Norton, R. A. Parker and R. A. Wilson, Atlas of finite
groups, (Clarendon Press, Oxford, 1985).
[3] V. D. Mazurov and W.J. Shi, A note to the characterization of sporadic simple groups,
Algebra Colloq. 5 (1998) 285–288.
[4] A. V. Zavarnitsine and V. D. Mazurov, Element orders in coverings of symmetric and
alternating groups, Algebra and Logic 38 (1999) 159–170.
[5] W.J. Shi, A characterization of Suzuki’s simple groups, Proc. Amer. Math. Soc. 114 (1992)
589–591.
[6] R. Brandl and W.J. Shi, A characterization of finite simple groups with abelian Sylow
2-subgroups, Ricerche Mat. 42 (1993) 193–198.
[7] H.W. Deng and W.J. Shi, The characterization of Ree groups 2F4(q) by their element
orders, J. Algebra 217 (1999) 180–187.
[8] A. V. Vasil’ev and A. M. Staroletov, Recognizability of G2(q) by spectrum, Algebra Logic
52 (2013) 1–14.
[9] A. S. Kondrat’ev, Recognizability by spectrum of E8(q), Trudy Inst. Mat. Mekh. UrO
RAN 16 (2010) 146–149.
[10] R. Brandl and W.J. Shi, The characterization of PSL(2, q) by its element orders, J. Algebra
163 (1994) 109–114.
11
[11] A. V. Zavarnitsine, Recognition of the simple groups L3(q) by element orders, J. Group
Theory 7 (2004) 81–97.
[12] A. V. Zavarnitsine, The weights of irreducible SL3(q)-modules in the defining characteris-
tic, Siberian Math. J. 45 (2004) 261–268.
[13] A. V. Zavarnitsine, Properties of element orders in covers for Ln(q) and Un(q), Siberian
Math. J. 49 (2008) 246–256.
[14] M. A. Grechkoseeva, On element orders in covers of finite simple classical groups, J. Algebra
339 (2011) 304–319.
[15] V. D. Mazurov and G.Y. Chen, Recognizability of the finite simple groups L4(2
m) and
U4(2
m) by the spectrum, Algebra Logic 47 (2008) 49–55.
[16] A. V. Zavarnitsine, Recognition of the simple groups U3(q) by element orders, Algebra
Logic 45 (2006) 106–116.
[17] A. V. Zavarnitsine, Exceptional action of the simple groups L4(q) in the defining charac-
teristic, Sib. E´lektron. Mat. Izv. 5 (2008) 65–74.
[18] V. D. Mazurov, Unrecognizability by spectrum for a finite simple group 3D4(2), Algebra
Logic 52 (2013) 400–403.
[19] V. D. Mazurov and E.I. Khukhro, eds., The Kourovka notebook. Unsolved problems in
group theory, (Institute of Mathematics, Russian Academy of Sciences, Siberian Div.,
Novosibirsk, 2010), 17 edition.
[20] A. V. Vasil’ev, M. A. Grechkoseeva and V. D. Mazurov, On finite groups isospectral to
simple symplectic and orthogonal groups, Siberian Math. J. 50 (2009) 965–981.
[21] D. Gorenstein, R. Lyons and R. Solomon, The classification of the finite simple groups.
Number 3, Mathematical Surveys and Monographs, volume 40.3, (American Mathematical
Society, Providence, RI, 1998).
[22] K. Zsigmondy, Zur Theorie der Potenzreste, Monatsh. Math. Phys. 3 (1892) 265–284.
[23] J. S. Williams, Prime graph components of finite groups, J. Algebra 69 (1981) 487–513.
[24] A. S. Kondrat’ev, On prime graph components of finite simple groups, Math. USSR-Sb.
67 (1990) 235–247.
[25] A. V. Vasil’ev and E. P. Vdovin, Cocliques of maximal size in the prime graph of a finite
simple group, Algebra Logic 50 (2011) 291–322.
[26] V. D. Mazurov, Characterizations of finite groups by sets of orders of their elements,
Algebra and Logic 36 (1997) 23–32.
[27] A. V. Vasil’ev and M. A. Grechkoseeva, On recognition by spectrum of finite simple linear
groups over fields of characteristic 2, Siberian Math. J. 46 (2005) 593–600.
12
[28] A. V. Vasil’ev and M. A. Grechkoseeva, On recognition of the finite simple orthogonal
groups of dimension 2m, 2m+1, and 2m+2 over a field of characteristic 2, Siberian Math. J.
45 (2004) 420–432.
[29] P. Hall and G. Higman, On the p-length of p-soluble groups and reduction theorem for
Burnside’s problem, Proc. London Math. Soc. 6 (1956) 1–42.
[30] I. D. Suprunenko and A. E. Zalesski, Fixed vectors for elements in modules for algebraic
groups, Int. J. Algebra Comput. 17 (2007) 1249–1261.
[31] L. Babai and A. Shalev, Recognizing simplicity of black-box groups and the frequency of
p-singular elements in affine groups, Groups and computation, III (Columbus, OH, 1999),
(de Gruyter, Berlin, 2001), Ohio State Univ. Math. Res. Inst. Publ., volume 8, 39–62.
[32] D. I. Deriziotis, Conjugacy classes of centralizers of semisimple elements in finite groups
of Lie type, Vorlesungen Fachbereich Math. Univ. Essen, volume 11, (Universita¨t Essen
Fachbereich Mathematik, Essen1984).
[33] R.M. Guralnick and P.H. Tiep, Finite simple unisingular groups of Lie type, J. Group
Theory 6 (2003) 271–310.
[34] J. Bray, D. Holt and C. Roney-Dougal, The maximal subgroups of the low-dimensional fi-
nite classical groups, London Mathematical Society Lecture Note Series, volume 407, (Cam-
bridge University Press, Cambridge, 2013).
[35] D. I. Deriziotis and G. O. Michler, Character table and blocks of finite simple triality
groups 3D4(q), Trans. Amer. Math. Soc. 303 (1987) 39–70.
[36] A. V. Vasil’ev and E.P. Vdovin, An adjacency criterion for the prime graph of a finite
simple group, Algebra Logic 44 (2005) 381–406.
[37] A. A. Buturlakin, Spectra of finite symplectic and orthogonal groups, Siberian Adv. Math.
21 (2011) 176–210.
[38] A. M. Staroletov, On recognition by spectrum of the simple groups B3(q), C3(q) and D4(q),
Siberian Math. J. 53 (2012) 532–538.
[39] R. Steinberg, Endomorphisms of linear algebraic groups, number 80 in Memoirs of the
American Mathematical Society, (American Mathematical Society, Providence, RI, 1968).
[40] I.D. Suprunenko, The minimal polynomials of unipotent elements in irreducible represen-
tations of the symplectic group over a field of characteristic two, Dokl. Nats. Akad. Nauk
Belarusi 48 (2004) 28–31.
[41] E. Stensholt, Certain emdeddings among finite groups of Lie type, J. Algebra 53 (1978)
136–187.
[42] A. V. Zavarnitsine, Finite groups with a five-component prime graph, Siberian Math. J.
54 (2013) 40–46.
[43] A. A. Buturlakin, Spectra of finite simple groups E6(q) and
2E6(q), Algebra Logic 52 (2013)
188–202.
13
[44] A. V. Vasilyev, Minimal permutation representations of finite simple exceptional groups
of types E6, E7 and E8, Algebra and Logic 36 (1997) 302–310.
[45] D. I. Deriziotis and A. P. Fakiolas, The maximal tori in the finite Chevalley groups of type
E6, E7 and E8, Commun. Algebra 19 (1991) 889–903.
[46] H. He and W. J. Shi, Recognition of some finite simple groups of type Dn(q) by spectrum,
Int. J. Algebra Comput. 19 (2009) 681–698.
[47] R. W. Carter, Centralizers of semisimple elements in the finite classical groups, Proc. Lond.
Math. Soc. (3) 42 (1981) 1–41.
[48] C. Jansen, K. Lux, R. Parker and R. Wilson, An atlas of Brauer characters, London
Mathematical Society Monographs. New Series, volume 11, (Clarendon Press, 1995).
14
